the subsampline. issue is solved simply and clearly for a general
INTRODUCTION
The standard 2D wavelet transform in image processing is based on a separable constmction. 2D filtering is performed through the outer product of two independent ID hlterings in horizontal and vertical directions. This approach is very simple and reduces importantly the computational complexity with respect to non-separable filtering. However. 2D phenomena present in images contain information in many more orientations other than only horiiantal and vertical directions. Thus, the ability to capture information in more orientations is desirable.
Several approaches based on non-separable filterings have been proposed showing promising results [I, 5 , 81 . However, the filter design is much more complex and the computational complexity is substantially higher. In addition, some of these designs are based on the continuous domain [I21 or interpolates pixels in the discrete space [91 which may cause problems when applying them in the image discrete domain.
A new approach proposed in [IO] , the directional wavelet transform. borrows the simplicity of the normal separable wavelet transform while adding more directions for analysis, and this directly on discrete data. While the design of multi-directional frames is pretty straightfonvard using solutions from computer graphics (21, the constmction of multi-directional bases having good representation properties presents a more difficult challenge due to the subsampling.
In this paper, we use a lattice theory based method to define a new convenient directional subsampling method. The proposed method considers each intersection of the digital lines and cosets produced by shifted versions of a lattice as independent transform lines (called co-lines). The transform is still separable and it allows many (much more than only two) transform directions. Moreover, . -. .
combination of different angles. It contributes also in a n improvenient of non-linear approximation of images.
The outline of the paper is as follows. Section 2 reviews the definition of the multi-directional frames using digital lines. Section 1 describes the specific constmction based on lattice theory used in the constmction of appropriate multi-directional basis functions. It also introduces the idea of a multi-directional wavelet decomposition tree convenient for non-linear approximation of images. Finally. Section 4 shows some improved results in denoising and promising results in non-linear approximation of images.
MULTI-DIRECTIONAL FRAMES
In [IO], we used the definition of discrete lines given in [2]:
This definition guarantees a complete partition of the discrete
The digital lines build a useful background stmcture for applying a 1D directional filtering along a certain digital direction resulting in a directional transform. The directional transform consists of a set of ID basic transforms applied along parallel lines for a fixed angle. If the basic transforms are orthogonal or tight frames, it was shown [IO] that the directional transform (and an iterated multi-directional transform as well) leads to a tight franre or an orthogonal transform as a special case. The bound is simply the sum of all basic transform bounds [ 6 ] .
In particular, aone-directional wavelet transform produces two subbands, where the high-pass subband does not contain any smoothohject along the transformdirection. Thus. the multi-directional wavelet transform can be used as a directional discriminator very convenient for non-linear approximation. Figure I shows an example with three transform directions applied on an image that contains directional objects along the same directions. Some directions are omitted in the resulting subbands depending on the order of the high-pass directional filtering. 
MULTI-DIRECTIONAL BASES
In designing the multi-directional bases, we need to use the con- plained in terms of these lattices.
A full rank integer lattice A consists of the set of points obtained by taking linear combinations of two linearly independent vectors where both the compnents of the vectors and the coefficients are integers. Any integer lattice A is always a sublattice of the ordinary cubic integer lattice Z2, that is A C Z', and can be represented by a (non-unique) generator matrix: In addition, call a set of pixels that belong to a digital line described by (1) 
If MA is a generator matrix for A, then all the possible generator matrices for A are given hy 1JMn where U i s a unimodular matrix, that is, a matrix with integer compnents and 1 det(U) 1 = l .
Although in terms of lattice representation all generator matrices are equivalent, in terms of the way the sampling procedure is performed, the row vectors of each particular generator mdtrix can be associated with the digital directions along which the ID filterines and subsamdine will take dace. Consider a lattice The matrix MA, produces four times more cosets. However, only the initial cosets should be kept. The other three-quarters of the cosets represent the discarded samples.
The next iteration is obtained by using a lattice A2 which is in general a sublattice of A;, that is A2 A;. This means that any generator matrix for A2 is given by: resampling of A;, which we call redirection step. After the new subsampling, we will obtain simply A; = ZA;'.
If the resampling is not unimodular. (4) yields more cosets. Then, each coset that survived the previous subsampling step is divided into I det TI I new cosets.
In total there are I det A~A , 1/4 cosets that are to be processed independently in the second step. The step involves two 1 D filterinps and subsamplings equivalently as in the first step, but along the new angles.
The iteration can be continued in a similar way as many limes as desired. The redirection step can always be applied on a subsampled version of the initial generator matrix MA^. Indeed, consider the change from M i 2 to MA,. We have that:
where C is an integer matrix and TZ = C . TI. In general the following holds:
( 5 )
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The tangent coefficients after each change are given by:
Using a concatenation of unimodular redirection steps is desirable in non-linear approximation of images as described in Section 4.2, but this constrains the choice ofdirections because we need to have that:
However (6) This avoidance of directional interaction is the crucial property to achieve good non-linear approximation.
APPLICATIONS

Denuising of Images
Thresholding of the multi-directional frame coefficients led to proniising results in denoising of images [IO] . We present a comparison of the two standard denoising algorithms with their niultidirectional counterparts in Figure 3 applied on several test images.
The first standard denoising method uses the undecimated wavelet transform 171. The multi-directional undeciniated wavelet transform is an extension of the standard transformusing the multidirectional frame expansion along a set of 30 uniformly chosen directions. Thresholding of the multi-directional frame coefficients provides outperforming results comparing with the standard method.
The second standard method is shift-invariant cycle-spinning denoising inlroduced by Coifman and Donoho [3] . The multidirect-ional shift-invariant method uses the standard but along the same set of 30 directions. The results are again improved coniparing with the previous ones.
Non-linear Approximation of Images
Non-linear approximation is more efficient if a smaller number of significant coefficients is generated, i.e. if the energy of a signal is concentrated in a smaller number of coefficients. The standard wavelet transform along horizontal and vertical directions is not efficient if the analyzed image contains other directions. However, the niulti-directional bases niay adapt their orientation to match the dominant directions in an image. The multi-directional nonlinear approximation uses the multi-directional transform of an image and approximates it by keeping a certain fixed number of the largest coefficients. 
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A well kuown fact from 1D wavelet theory [ I I] is that a smooth, object can he represented by 0 (log, N) significant coefficients, where N is the length of the signal. In the multi-directional analysis this holds for each transform line or co-line if more cosets are used. Therefore distributing a line on more co-lines decreases the efficiency of approximation because more significant coefficients are produced. That is why a unimcdular chain is preferable.
In order to reach the best approximation power we propose an iterative decomposition tree that involves multi-directionality.
Consider an image containing a set of directions. Each directional wavelet filtering step results in a low-pass subband that contains the same directions as in the input and the high-pass one that annihilates the information along the transform direction. The size of both subbands is a half of the input size. The target depth of the iteration is either to eliminate all present directions or to decrease maximally the size of the subbands. It can be shown that the order of the approximation is close to 0 (log? N), where N is a characteristic size of the image and D is the number of dominant directions in the image. A possible realization of a tree is shown in Figure 4 where three directions are used and the niaxinial depth of the tree is four.
A comparison between the multi-directional approximation and the standard one is made on three test images. The multi-directional method uses a wavelet decomposition along 0'. 45'. 90' and 135' with the corresponding multi-directional bases. Some of them are shown in Figure 5 . The results of the approximation are shown in Figure 6 proving the superiority of our approach.
CONCLUSION AND FUTURE WORK
In, this paper. we presented a new approach of multi-directional suhsampling based on lattice theory that leads to the construction of good discrete multi-directional wavelet bases. The method is simple yet effective and provides a sparse representation of piecewise smooth images containing information along a set of orientations. Applications of the method are possible in many a r e s of image processing and we show promising results in non-linear approximation and denoising of images. Future research will be focused on denoising based on local thresholding of the wavelet coefficients rather than global and on design of non-separable 81-ters that annihilate directional information along certain directions. 
